We investigate the quantum criticality of topological phase transitions in a periodically-driven two-dimensional Chern insulator model hosting topological phases as well as phases with anomalous edge modes. Using a curvature renormalization group approach based on the stroboscopic Berry curvature, all phase boundaries, including those delineating phases with anomalous edge modes, can be easily obtained obviating the need for micromotion-based topological invariants. Analyzing the criticality of the different transitions in this model, we show that all belong to one of two different Floquet-engineered universality classes: a Dirac class characterized by linear gap closures and a rare nodal-loop semimetal class with quadratic gap closures. Curiously, we find that all the nodal loop phase transitions in the system are described by a unique effective theory around the high symmetry points modulo an overall scale factor. We discuss physical implications and possible measurements of the critical behavior.
Periodic driving provides a new versatile channel to engineer exciting out of equilibrium topological phases. Notable examples include Floquet topological insulators [1] [2] [3] [4] [5] [6] , Floquet topological superconductors [7] [8] [9] [10] [11] [12] [13] [14] [15] , and Floquet Weyl semimetals [16] [17] [18] [19] . Recently, two-dimensional Floquet models were further shown to host an hitherto unknown anomalous phase having no static counterpart. This phase breaks the bulk-edge correspondence in that it is characterized by a trivial stroboscopic bulk topology, while still exhibiting anomalous edge modes (AEMs) in the quasienergy spectrum [20] [21] [22] . The discovery of AEMs has necessitated the introduction of new time-integrated topological invariants incorporating micromotion, which are typically cumbersome to evaluate [20] . For a simple model like the periodically driven Kitaev chain, where no such anomalous phases exist, it was shown that the stroboscopic effective Hamiltonian, which completely neglects micromotion, was sufficient to fully characterize the phase diagram and the critical behavior of the associated topological phase transitions (TPTs) [14] . In light of the new anomalous phases found in 2D systems and the importance of micromotion, it is fair to enquire if information beyond stroboscopic Floquet Hamiltonians is needed to describe the phase diagram. Moreover, it prompts the question as to whether transitions involving topological phases and anomalous phases belong to different universality classes.
In this Letter, we demonstrate that stroboscopic Floquet Hamiltonians entirely determine the phase diagram as well as the critical behaviour near TPTs, independent of whether the phases host AEMs or not. We consider a recently realized two-dimensional Floquet system whose phase diagram comprises topologically trivial and nontrivial phases, as well as AEMs [21] . We investigate the quantum criticality of TPTs in this system within a unified scheme termed the curvature renormalization group (CRG) method [23, 24] . The CRG approach has been successfully applied to determine the phase boundaries and critical behavior of TPTs in numerous interacting and noninteracting models, both static and periodically driven [14, [23] [24] [25] [26] . The CRG tracks TPTs and does not predict the topological invariants in a given phase. When based on the effective stroboscopic Floquet Hamiltonian, the CRG easily reproduces the complex topological phase diagram, including AEM phases.
Analyzing the nature of the criticality of the transitions in this system, we demonstrate that this simple model hosts two different universality classes. All the transitions are described by i) a low-energy isotropic two dimensional Dirac theory with a linear gap closure and/or ii) a two dimensional nodal loop semimetal (NLS) theory with a quadratic gap closure, irrespective of whether the transitions are to/from the anomalous, trivial or topological phases. We show that the effective nodal loop hamiltonian is the elusive nodal loop hamiltonian studied in the context of the spin Hall effect [27, 28] .
Model -We apply the CRG to a 2D Floquet-Chern insulator (FCI) [20, 21] describing fermions with modulated nearest-neighbor hoppings on a square lattice:
The lattice vectors b 1 = −b 3 = (a, 0) and b 2 = −b 4 = (0, a) connect the sublattices α = A, B on which the creation or annihilation operators c ( †) k,α act, and σ ± refer to Pauli matrices. A schematic illustration of the model is provided in Fig. 1 . The hoppings J n (t) are periodically modulated with a four-step protocol of period T , in which during the n-th step of the cycle only the hopping J n in direction b n is active [21] . Furthermore, we consider the arXiv:1906.10695v1 [cond-mat.stat-mech] 25 Jun 2019 special case of J 1 = J 2 = J 3 = J 4 (see Fig. 1 for clarity). Note that this type of modulation inherently introduces a circular pattern of hoppings that enables the propagation of edge modes in a strip geometry [20, 21] .
In Ref. [20] , it was shown that stroboscopic dynamics is insufficient to determine the correct number of edge modes generated in this model. Micromotion, i.e. time evolution within a period, should be considered explicitly by introducing a computationally cumbersome time-integrated topological invariant determined from the full time evolution operator U (t, 0) = [20] [58] . While micromotion plays a crucial in role in the definition and determination of the correct topological invariant, information about the TPTs in this driven model is principally determined by the gap closures in the quasienergy spectrum at zero and π quasienergies. This quasienergy spectra can be readily extracted from the stroboscopic bulk effective Hamiltonian h eff (k) [14] . For a general unitary 2 × 2-Floquet
takes the following form [14, 29] :
The quasienergy dispersions of the Floquet bands rescaled to [−π, π) are then obtained as the eigenvalues of the operator h eff (k)T . The topology of the stroboscopic bulk effective Hamiltonian is mapped by the Chern number [30] which for the two-band system analyzed here is
is the Berry curvature of the Floquet band in question.
Detection of TPTs -The Chern number C of the effective bulk Hamiltonian counts the difference between the numbers of edge modes above and below each Floquet band [20] . If edge modes exist only at quasienergy zero or ±π, C of each band will correctly capture the number of edge modes. However, for coexisting zero and ±π modes C = 0, the bulk-edge correspondence is broken, and we have a phase with AEMs [20] . The full phase diagram based on time-integrated topological invariants as defined in Ref. [20] is mapped in Fig. 1b ) as a function of the two hopping strengths J andJ. We can distinguish multiple phases which are either topologically trivial, hosting only one edge mode at quasienergy 0 or π, or hosting AEMs. The topological phase boundaries have an analytical form given byJ = J andJ = 1 3 (n − J), where n ∈ [1, 2, 3] [21] .
Using the CRG method, we now show that information about the TPTs and their criticality can be extracted even in the presence of AEM from the stroboscopic Berry curvature alone, even tough its integration C is not necessarily equal to the time-integrated topological invariant. We first briefly summarize the method developed originally for static systems in [23] [24] [25] [26] 31] and for Floquet systems in [14] . As the system parameters M = (J,J) of the FCI are varied, we expect multiple TPTs to manifest. Concomitantly, the curvature function will become peaked around high-symmetry points (HSPs) k 0 satisfying k 0 = −k 0 , which then provides the dominant contribution to the integral C. Across the topological phase boundaries described by {M c }, the peaks diverge and flip sign to preserve the quantization of the Chern number [23, 24, 31] . The CRG relies on the scaling procedure F (k 0 , M ) = F (k 0 + δk, M) that searches the trajectory in the parameter space along which diverging peak F (k 0 , M) is gradually flattened [23, 24, 31] . Defining dl ≡ δk 2 , dM i = M i − M i , the scaling procedure yields the RG equation
The topological phase diagram can be easily ascertained by analyzing the critical points of (4) [29] . Furthermore, the criticality of the TPT is characterized by the divergences of both F (k 0 , M) and the concomitant inverse of the full width at half maximum in directions i = x, y expressed as FWHM i ≡ 2 ξ k 0,i , see also Ref. [23, 24, 31] .
The conservation of C in a phase leads to precise scaling laws relating γ and ν i . For example, i ν i = γ for an isotropic 2D Dirac model [31] . The Fourier transform of the curvature function yields a Wannier state correlation function, which decays exponentially in real space due to the peak shape of the curvature function in momentum space, with ξ k0,i playing the role of the correlation length, and F (k 0 , M) serves as the analog of the susceptibility in the Landau paradigm [29] . The critical exponents {γ, ν i } then characterize the universality class of the TPT.
Quantum criticality of the TPTs -We now analyze the criticality of the different TPTs that exist in this model, including transitions to phases with AEMs. We apply the CRG method to the stroboscopic curvature function (3) at the representative HSPs k 0 = (0, 0), (0, π) [59] to extract the criticality of the topological phase boundaries. Firstly, via a straightforward analysis of the CRG equations, all phase boundaries, including those delineating AEM phases are correctly captured by the RG flow (see Figs. 1a-b). Note that this approach requires very little computational effort compared to the evaluation of the time-integrated topological invariant, since solving Eq. (4) only requires to calculate F (k, M) at few momentum points. The fixed lines, on the other hand, illustrate the regions where the correlation length is shortest, indicating relatively localized Wannier states. In the following, we focus exclusively on the critical lines, and detail the two dramatically different critical behaviors uncovered in this system.
Floquet-Dirac criticality -We first address the criticality of the TPTs atJ c = 1 3 (n − J) (e.g. green arrow in Fig. 1b) ). Close to these transitions, a Dirac-like linear gap closure at the Floquet band edge takes place at one of the HSPs (k x , k y ) = (0, 0) and (k x , k y ) = (±π, ±π), and the curvature function near the HSP has the shape of a single Lorentzian peak. AsJ →J c , the Lorentzian peak diverges and flips sign across the transition, with critical exponents ν x = ν y = 1, γ = 2, fulfilling the scaling law 2 = γ = ν x +ν y (up to numerical accuracy). This result implies that these TPTs belong to the same universality class of a static 2D isotropic Dirac model [32] , and this critical behavior is independent of whether in the underlying phase AEMs exist or not.
Floquet nodal loop criticality -We now analyze the TPTs acrossJ c = J (e.g. blue arrow in Fig. 1b) ), for which the gap closure is revealed to be along the nodal loops k y = ±π ∓ |k x |. For this nodal loop case, the curvature function is instead characterized by a pair of non- Lorentzian peaks symmetrically shifted by ±1/ξ 1 away from the HSP in k x or k y direction (depending on the direction of the transition), as shown in Fig. 2b ). Across the TPT, the peaks simultaneously approach the HSP while diverging, then flip sign, and then depart again from the HSP but in the orthogonal direction. At the critical point the gap closes quadratically, but the critical exponents are not the ones associated with a typical order two Dirac model exhibiting quadratic gap closures, i.e. γ = 1, ν i = 1 2 [32] . A fit of the curvature function in the vicinity of the HSPs reveals instead γ = 1.501 ≈ 3 2 , ν x = 0.747 ≈ 3 4 , ν y = 0.998 ≈ 1. In addition, the peculiar shape of the curvature function renders critical exponents that do not satisfy the scaling laws depicted for simple Dirac models [32] . This different behavior clearly indicates that the TPT atJ c = J belongs to a different universality class than theJ c = 1 3 (n − J) transitions described above. This is remarkable, as it is not customary for a single system to host two kinds of TPTs belonging to different universality classes. Quite surprising is also that the two TPTs, described by drastically different effective theories, connect the same phases along two different parameter paths.
We now present an effective theory for this Floquetengineered NLS which perfectly captures this physics. We first note that in the vicinity ofJ c = J transition line, the quasienergy dispersion around the HSPs k 0 = (0, ±π), (±π, 0) is is well described by the following:
where the parameters A, p, and M are determined numerically. A fit of the quasienergy dispersion to the form of Eq. (5) is depicted in Fig. 3a ). Close toJ c = J, p = 2 and at the transition the mass term M = 0. Remark-ably, along the entirety of the transition lineJ c = J, the dispersion exhibits the same shape with the same values of p and M (except at the multicritical point where the dispersion is identically zero), and only its overall scaling factor A varies as illustrated in Fig. 3b ). Note that A has no influence on the topology because it does not affect the gap closures.
Th peculiar non-Dirac quadratic gap closure of Eq. (5) can be naturally generated from a single 2×2 NLS Hamiltonian
where σ i are the Pauli matrices,
and η are parameters. The corresponding energy dispersion of (11) is E = ± (µ − 2η(cos k x + cos k y )) 2 + λ 2 1 sin 2 k x + λ 2 2 sin 2 k y . Surprisingly, Floquet driving realizes an extension of the elusive 2D NLS discussed in Refs. [27, 28] in the context of the spin quantum Hall phases. NLS in 3D form an exciting class of topological materials in which the nodal-loop crossing between conduction and valence band have been shown to give rise to many exotic properties [33] [34] [35] [36] [37] [38] [39] [40] . 2D NLS on the other hand have been proposed as excellent candidates for spintronics applications [41] [42] [43] . However, physical realizations of 2D NLSs have remained quite elusive, with only very recent suggestions in interpenetrating kagome-honeycomb lattices [44] and ferromagnetic monochalcogenide monolayers [43] . Here, we see that via a simple driving protocol on a square lattice, the resulting stroboscopic hamiltonian perfectly realizes this a sought after 2D NLS indicating the feasibility of engineering exotic hamiltonians in Floquet systems.
Though the NLS model of (11) displays a rich phase diagram, the underlying Floquet problem in the vicinity of the transitions alongJ c = J imposes λ 1 = λ 2 , and for µ = 0 we recover the dispersion discussed in Eq. (5) with the overall scale A = η in the vicinity of the HSPs. The TPT and the associated criticality atJ c = J in the Floquet model then map on to the unique static nodal loop TPT along λ 1 = λ 2 = µ = 0 between phases with Chern numbers C = ±1 [29]. The mapping to the effective theory is further validated by the excellent agreement between the Berry curvature across the TPT calculated from both the FCI and from the NLS [29]. In addition, the critical exponents across the TPTs for the effective nodal loop Hamiltonian and for the full Floquet system agree up to numerical accuracy -γ ≈ 1.491, ν x ≈ 0.730, ν y ≈ 0.995 (see also supplementary material [29]) -and clearly establish the NLS nature of theJ c = J transition in the FCI. As compared to the Floquet-Dirac criticality discussed above, the exponents for the NLS are vastly different and no longer satisfy the simple scaling law γ = ν x + ν y . This reinforces our conclusion that the Multicritical points -Lastly, we consider the three multicritical points shown in the phase diagram. Because the two kinds of TPTs of the model occur at different HSPs, the points atJ = J = π/T, 3π/T are found to exhibit both a peak divergence at k 0 = (0, 0) and k 0 = (±π, ±π), and a double-peak divergence around k 0 = (0, ±π) and k 0 = (±π, 0). These multicritical points therefore display a coexistence of both TPTs belonging to different universality classes. The points at J = J = 2πn/T , n ∈ [0, 1, 2] are instead not critical, because there the Floquet operator U (k, T ) = e ih eff (k)T is precisely the identity and the quasienergy dispersion h eff (k)T collapses to a flat band at 0. This behavior at J = J = 2π/T is also detected in the CRG flow, where fixed lines and critical lines meet.The loss of criticality around these points is further corroborated by the fit of the quasienergy dispersion ( Fig. 3) , which highlights the flat band as A → 0.
Conclusions -In summary, using the CRG approach entirely based on stroboscopic curvature functions, we efficiently identify the TPTs in a 2D model with periodically modulated hoppings. Two different topological universality classes were found within the same model, highlighting the versatility of Floquet engineering in generating novel out-of-equilibrium TPTs. On the one hand, the transitions acrossJ c = 1 3 (n − J) belong to the universality class of isotropic 2D Dirac theories with linear gap closures. On the other hand, all transitions across the diagonalJ c = J, with the exception of flat band points, can be mapped to a low-energy theory described by the same 2D NLS. Surprisingly, we find that the transitions between any two given phases are insensitive to whether the phase hosts AEMs or not. The criticality discussed here can be experimentally detected in cold atomic realizations of the model through quantum interference maps of the Berry curvature [45] or force-induced wave-packet velocity measurements [46, 47] . We anticipate that other 2D or 3D Floquet system and even higher-order Floquet topological insulators might engineer similar exotic low-energy theories, which may be conveniently identified with our approach.
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SUPPLEMENTARY MATERIAL FOR: GENERATING MULTIPLE UNIVERSALITY CLASSES AND NODAL LOOPS IN CHERN INSULATORS BY PERIODIC DRIVING
In the following we summarize some of the concepts and derivations used in the main text.
WANNIER STATE CORRELATION FUNCTION AND CRITICAL EXPONENTS
The critical exponents obtained from the CRG analysis can be related to those assigned to correlation length and susceptibility in the Landau theory of phase transitions. This stems from that fact that the Fourier transform of the curvature function yields a Wannier state correlation function, as we demonstrate below following the recipe in Ref.
[29] and [30] of the main text. For a 2D (stroboscopic) Hamiltonian described by (Floquet-)Bloch states |u nk , such as the one considered in this work, the curvature function takes the form of a Berry curvature F (k, M) = n∈v ∇ k × u nk | i∇ k |u nk . This expression can be equivalently expressed in terms of Wannier states |Rn = 1 N k e ik·(r−R) |u nk , where N denotes the number of lattice sites, andr is the position operator. We emphasize that in our analysis of the Floquet problem we work with the Floquet bands derived from the stroboscopic effective Hamiltonian, and therefore the Wannier states calculated in this context are also to be interpreted as stroboscopic states. The wave function constructed from the Wannier states describe a real-space Wannier function W n (r − R) ≡ r|Rn at position r centered at the home cell R. In this basis, the Berry curvature is written as [48] [49] [50] F (k, M) = −i n∈v R e −ik·R Rn| (R ×r) z |0n , where |0 denotes the Wannier function centered at the origin. The Wannier representation allows us to draw a direct correspondence between the topological description of the system and the theory of orbital magnetization for 2D TRS-breaking systems [51] [52] [53] [54] [55] . In this picture, the Fourier transform of the curvature function yields
which is a measure of the overlap of the Wannier function centered at R with that centered at the origin, sandwiched by the operator (R × r) z . Note that the correlation function is a gauge-invariant observable because it is obtained upon integrating the gauge-invariant curvature function over a closed surface.
We can see that the correlation functionF 2D (R) decays exponentially with characteristic length scales ξ i , indicating that ξ i acquire the meaning of correlation lengths of the topological phase transition with the associated critical exponents ν i . Furthermore, the integration of the correlation function over real space yields F 2D (R)d 2 R = F (k 0 , M). The curvature function at the high symmetry point F (k 0 , M) can be therefore interpreted as the analogue of the susceptibility in the Landau paradigm. For this reason, we assign to it the exponent γ that characterizes its criticality. Consequently, different values of {ν i , γ} signify different universality classes. In Table I we summarize the critical exponents and the low energy dispersions of the two different universality classes obtained from the model in the main text. Details of fitting the critical exponents will be demonstrated in the following sections.
topological phase transition dispersion γ νx νỹ
1 Table S1 : Summary of the critical exponents extracted for the two different topological phase transitions existing in the Floquet-Chern insulator, wherek refers to the k-coordinates around the HSPs where the corresponding gap closes.
MEASURES OF TOPOLOGY FOR FLOQUET SYSTEMS
In this section we review how to construct topological invariants for 2D Floquet systems. For a general timeperiodic system with open boundary conditions described by the Hamiltonian H(t) = H(t + T ), the full dynamics of the topological edge states is governed by the time evolution operator, defined as
where T is the time-ordering operator and we have set the initial time t 0 = 0 and = 1. The operator U (t) accounts for the full time dynamics, including the micromotion between periods. When t → T , the time evolution operator is typically called Floquet operator and, because of the underlying time periodicity, it fulfills U (T, 0) = U (T m, T (m−1)) with m ∈ N. This induces a discrete quantum map that describes stroboscopic dynamics [56] . We can then define an effective stroboscopic Floquet Hamiltonian via U (T, 0) ≡ e −ih eff T that contains the full information about the system at multiples of the driving period T . Diagonalization of h eff T will then yield the stroboscopic quasienergy spectrum α,k of the Floquet-state solutions Ψ α (k, t) = exp(−i α,k t)Φ α (k, t), where Φ α (k, t) = Φ α (k, t + T ) [56] . Because of the T -periodicity of the Floquet modes Φ α (k, t), the quasienergies are defined modulo 2π T = ω. Therefore, we can restrict ourselves to consider a first "Floquet-Brillouin zone" of quasienergies α ∈ (−ω/2, ω/2). The number of stroboscopic edge modes can be determined as a function of the driving parameters from an analysis of the quasienergy spectrum, i.e. from gap closures and localization of 0 and π-quasienergy states. Consequently, the topological phase diagram of the stroboscopic system can be ascertained.
In analogy with time-independent systems, the number of edge modes in an open geometry is related to the properties of the bulk time evolution operator via a bulk-edge correspondence [20] . We could therefore determine the topological phase diagram by investigating the bulk time operator U (k, t) = T exp −i t 0 dt H(k, t ) . For a twodimensional system like the one considered here, the number of edge modes at quasienergy can be calculated from a topological invariant defined as the winding number of an explicitly time-dependent map S 1 × S 1 × S 1 → U (N ) constructed from the bulk-time operator [20, 57] 
Here, U (k, t) is an operator derived from U (k, t) preserving the number of edge modes at while smoothening the operator at the end of the cycle to the identity, i.e. U (k, T ) = 1 [20] . This transformation is necessary, because the winding number is equal to the number of edge modes at only if the spectrum of the bulk operator is gapped everywhere expect at , which can be achieved only if U (k, T ) = 1.
STRUCTURE OF THE STROBOSCOPIC EFFECTIVE HAMILTONIAN
In this section we elaborate on the structure of the low-energy theory of the topological phase transitions by explicitly looking at the form of the stroboscopic effective Hamiltonian and the curvature function given by Eq. (2) and (3) in the main text. The stroboscopic quasienergy dispersion θ(k) corresponding to the effective Hamiltonian fulfills the eigenvalue equation [13] h eff (k)ψ(k) = θ k T ψ(k) (8) or, equivalently,
Hence, θ(k) can be derived, by calculating the eigenvalues of the Floquet operator and exploiting the identity arccos(z) = −i log z + √ z 2 − 1 , to be
The behavior of θ(k) at criticality can be used to shed light on the type of topological phase transition taking place there. Typically, the order of the gap closure is associated to the type of low energy theory. For the four different transition lines in the phase diagram of the Floquet system analyzed in the main text, we show in Fig. S1 contour plots of the quasienergy dispersion that illustrate the location of the gap closures. Additionally, in Fig. S2 we also present one-dimensional cuts that depict the form of the gap closures: we can appreciate that the topological phase transitions atJ = 1 3 (n − J) are all characterized by linear gap closures, while the one atJ = J corresponds instead to a quadratic gap closure. This visual finding was also verified through a numerical fit of the quasienergy dispersion.
COMPARISON BETWEEN FLOQUET-CHERN INSULATOR AND NODAL LOOP SEMIMETAL
In this section we compare the behavior of the stroboscopic Berry curvature in Eq. behavior across the corresponding topological phase transitions. To obtain the Berry curvature of the nodal loop semimetal, we use the static Hamiltonian
while for the Floquet-Chern insulator we construct it from the effective stroboscopic Hamiltonian in Eq. (2) of the main text. A comparison of the two Berry curvatures across the topological phase transitions (J =J = 0.6 for the Floquet-Chern insulator and correspondingly λ 1 λ 2 = µ for the nodal loop semimetal) is shown in Fig. S3 and reveals an excellent agreement between the two systems, indicating that the low-energy theory of the topological phase transition in the Floquet-Chern insulator is in fact a nodal loop semimetal.
From the Berry curvatures we have additionally extracted the critical exponents by performing a numerical fit of the diverging quantities F [k 0 ], ξ x , and ξ y , shown in Fig. S4 for both the Floquet-Chern insulator (panel a)) and the static nodal loop semimetal (panel b)). The insets in the figure illustrate the regimes in the corresponding phase diagrams where the data of the panels was extracted from. The exponents extracted for the Floquet-Chern insulator Figure S3 : a) The Berry curvature across the topological phase transitionfor the Floquet-Chern insulator (J in units of 4π). b) The Berry curvature across the topological phase transitionfor the nodal loop semimetal. Note that for an easier comparison, λ1 was chosen to be slightly different than λ2 = µ. Furthermore, the normalized absolute value of the Berry curvature was plotted. are γ ≈ 1.501 ν x ≈ 0.747, ν y ≈ 0.998. The exponents obtained from the static nodal loop semimetal are γ ≈ 1.491, ν x ≈ 0.730, ν y ≈ 0.995. By comparing the results, we clearly see that they agree up to numerical accuracy. Note that in the Floquet-Chern insulator, all points along the transition lineJ = J, with the exception of the flat band points, are mapped to the same diagonal transition µ = λ 1 = λ 2 in the phase diagram of the static nodal loop semimetal. We have confirmed this by performing similar fits at other values ofJ = J, and obtained comparable results as the one shown in Fig. S4. 
